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We study the delta-T noise in the Kondo regime, which implies the charge current noise un-
der the temperature bias for the SU(2) Kondo quantum dot. We propose an experimentally
measurable quantity to quantify the low-temperature properties in the delta-T noise: S` =
S(TL, TR)−(1/2)[S(TL, TL)+S(TR, TR)], which yields the shot noise expression in the noninteracting
limit. We calculate this quantity for the SU(2) Kondo quantum dot in the particle-hole symmetric
case. We found that the S` exhibits qualitatively the same behavior in both the electrochemical
potential biased case and the temperature biased case. The quantitative difference appears as a
difference of the coefficients of the noises, which reflects the difference of the Fermi distribution
function: electrochemical potential biased or temperature biased.
I. INTRODUCTION
Charge current noise has been intensively investigated
both theoretically and experimentally. Current noise
probes the mechanism of the charge transport in meso-
scopic systems. In particular, at zero temperature, the
charge current noise induced by the voltage bias is de-
scribed purely by the shot noise, by which we can ob-
serve the effective charge of carriers in mesoscopic con-
ductors [1, 2]. For example, it is known that the ef-
fective charge becomes e/3 for fractional quantum Hall
systems [3, 4], 2e for normal metal-superconductor junc-
tions [5], and ((N + 8)/(N + 4))e for the SU(N) Kondo
quantum dot systems [6–13].
Recently, owing to the development of measurement
technologies in nanoscale conductors, it has become pos-
sible to measure the charge current noise due to the tem-
perature bias, which is termed as delta-T noise. In earlier
works, the delta-T noise was proposed to detect the lo-
cal noise in diffusive conductors [14] and charge current
noise in atomic-scale junctions [15]. The delta-T noise is
currently expected to be a new probe of quantum effects
in charge transport which can not be observed by the
shot noise measurement. Unlike the shot noise, charges
driven by temperature bias flow from each reservoir to
the other (see Fig. 1). A fair and open question is what
type of information can be extracted from this new type
of charge current noise.
We note that the fluctuation theorem can derive non-
trivial relations between nonlinear transport coefficients
even in the far-from-equilibrium regime [16–18]. How-
ever, the fluctuation theorem characterizes properties re-
lated to entropy production, while quantum nature in
transport cannot be detected. Hence, to figure out the
open question above, model-dependent case studies are
one of the critical directions.
In the recent paper [19], it was reported that the delta-
T noise in the fractional quantum Hall system becomes
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FIG. 1. A schematic of the setup to measure the delta-T noise.
A single-leveled quantum dot is connected to two electron
reservoirs, reservoir L (hot reservoir) and reservoir R (cold
reservoir). The curves shown in the red and blue areas stand
for the Fermi distribution fα(ω) (α = L,R). Electrons are
transmitted from the reservoir L to R above the Fermi level
and from R to L below the Fermi level.
negative compared with the noninteracting case. This ef-
fect originates from the interaction effect, which cannot
be observed in charge current noise under the voltage
bias. Stimulated by this intriguing indication, we discuss
what type of interacting effects can appear in another im-
portant interacting transport, i.e., the charge transport
via interacting quantum-dots.
We consider the SU(2) Kondo quantum dot system in
the particle-hole symmetric case. So far, the charge cur-
rent noise under the voltage bias has been intensively
studied theoretically [6–10] and experimentally [11–13].
Noninteracting limit (U = 0) Kondo limit (U =∞)
Cµ 1/6 5/3
CT 6ζ(3)− 4ζ(2) (23/2)ζ(3) + (3 ln 2− 8) ζ(2)
(∼ 0.633) (∼ 4.085)
TABLE I. Summary of leading order contributions in the
shot noise induced by bias voltage, Cµ, and the delta-T noise
induced by bias temperature, CT . See Eqs. (31) and (36) for
the definitions of coefficients.
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2It is known that the leading contribution of the noise
starts with the cubic order of the voltage bias both in the
noninteracting limit and in the Kondo limit. The differ-
ence appears in their coefficients, changing from 1/6 in
the noninteracting limit to 5/3 in the Kondo limit (see
Eqs. (31) and (32)). This difference appears due to the
change of the charge carrier; while the charge transport
is described by the free electrons in the noninteracting
limit, it is described by the quasi-particle of the local
Fermi liquid theory [20] in the Kondo limit. For con-
sidering the delta-T noise, we employ the renormalized
perturbation theory (RPT) [21–23] which reproduces the
asymptotically exact results in the charge transport in-
duced by bias voltage. Then, we consider the leading con-
tribution in the delta-T noise. We show that the delta-T
noise exhibits a similar structure to the noise under the
voltage bias, i.e., the leading contribution starts with the
cubic order of the temperature bias both in the nonin-
teracting limit and in the Kondo limit, and their coeffi-
cients are modified by the interaction. The main results
are listed in the Table I.
This paper is organized as follows: In Sec. II, we in-
troduce our model for Kondo quantum dots, the Ander-
son impurity model, and consider how to subtract the
thermal noise contribution from the delta-T noise. In
Sec. III, the charge current noise in the noninteracting
limit is discussed to compare the results in the Kondo
limit. In Sec. IV, the charge current noise in the Kondo
limit is discussed. Our main result is presented in this
section. In Sec. V, we summarize our results. Detailed
definitions and derivations are given in appendices.
II. SETUP
A. Model
To discuss the charge transport via Kondo quantum
dots, we employ the Anderson impurity model (Fig. 1),
defined as
H =
∑
r={L,R}
(Hr +Hc,r) +Hd, (1)
where
Hr =
∑
k,s
kc
†
rkscrks, (2)
Hc,r =
∑
k,s
γ(d†scrks + c
†
rksds), (3)
Hd =
∑
s
dd
†
sds + Ud
†
↑d↑d
†
↓d↓. (4)
Hr is the Hamiltonian of the electron reservoir r =
{L,R}. Here crks(c†rks) is an annihilation (creation) op-
erator of electrons with energy k in the reservoir r. k is
the wavenumber and s = {↑, ↓} is a spin index. Hd is the
Hamiltonian of the quantum dot. ds(d
†
s) is an annihila-
tion (creation) operator of electrons in the quantum dot
with a spin s. d is an energy level of the quantum dot and
U is the Coulomb interaction strength. Hc,r is the Hamil-
tonian describing the symmetric tunnel coupling between
the reservoir r and the quantum dot with the coupling
strength γ. We prepare the reservoir L (R) in equilib-
rium with a temperature TL (TR) and an electrochemical
potential µL (µR). The Fermi distribution function of
the reservoir r is defined as fr(ω) = [1 + e
(ω−µr)/Tr ]−1.
Throughout this paper, we assume that the density of
states of the reservoirs are constant, known as the wide-
band limit. In this limit, the linewidth is defined as a
constant, ΓL = ΓR = Γ/2 = 2piν|γ|2, where ν is the den-
sity of states of the reservoirs. The Lagrangian for this
Hamiltonian is given as
L(ds, d†s, d,Γ, U)
=
∑
s
d†s(t)i∂tds(t) +
∑
r,k,s
c†rks(t)i∂tcrks(t)−H(t). (5)
Throughout this paper, we assume ~ = kB = 1.
B. Definition of the subtracted Delta-T noise
The delta-T noise is the charge current noise induced
by different temperatures in the electrodes with fixed
electrochemical potential. We consider the transport via
the quantum dot depicted in Fig.1. We define the charge
current noise as
S =
∫
dt (〈I(t)I(0)〉 − 〈I(t)〉 〈I(0)〉). (6)
Here I(t) is the symmetrized charge current defined as
I(t) =
IL(t)− IR(t)
2
, (7)
where Ir(t) is the charge current at time t flowing from
the reservoir r. In the particle-hole symmetric case, the
difference of temperatures induces the nonequilibrium
charge current noise, while average current is absent, be-
cause the transmission function is symmetric.
We first note that the current noise in the noninter-
acting case, which is especially denoted by Snon, can be
expressed as [24, 25]
Snon =
e2
pi
∫
dω T (ω)(1− T (ω))(fL(ω)− fR(ω))2
+
e2
pi
∫
dω T (ω)
∑
r=L,R
fr(ω)(1− fr(ω)) , (8)
regardless of the parameter sets in the electrodes. Here,
T (ω) is the transmission coefficient dependent on the fre-
quency ω. In Eq. (8), the first term can be regarded as
the nonequilibrium contribution since this term never ap-
pear in the equilibrium situation, while the expression in
the second line is identical to the thermal noise in equi-
librium. The main aim in this paper is to find interaction
3effects in the delta-T noise, comparing with the nonin-
teracting case above.
To characterize nonequilibrium properties in delta-T
noise, we need to note that contribution from the ther-
mal noise, i.e., the Johnson-Nyquist noise, cannot be neg-
ligible. Hence a sort of subtraction of the thermal noise
contribution from the measured current noise is neces-
sary to extract the nonequilibrium nature in the current
noise. However, in general, identification of the thermal
noise contribution in the nonequilibrium current noise is
a difficult task. Hence, we below define the subtracted
delta-T noise with the two criteria. Our criteria on the
subtraction in the delta-T noise are (i): the subtraction
must be experimentally feasible, and (ii) the subtracted
noise must be reduced to the nonequilibrium contribution
in the noninteracting limit, i.e., the first line in Eq. (8).
We consider the subtracted delta-T noise satisfying the
criteria in two regimes: the small bias regime, ∆T/T¯ 
1, and the large bias regime, ∆T/T¯ ∼ O(1). Here, We
denote the arithmetic mean value of the temperatures by
T¯ , i.e., T¯ = (TL + TR)/2, and denote the difference of
temperatures by ∆T , i.e., ∆T = |TL − TR|.
The first regime, ∆T/T¯  1, has been already dis-
cussed in Refs. [15, 19]. The subtracted delta-T noise is
defined as
Sh(TL, TR) := S(TL, TR)− S(T¯ , T¯ ) . (9)
This definition provides the following leading order ex-
pansion for the noninteracting case [15]
Sh(TL, TR) = kB
(∆T )2
T¯
(
pi2
9
− 2
3
)
G0 T (1− T ) , (10)
where G0 is the quantum of conductance and T is the
value of transmission coefficient at the Fermi energy [26].
Obviously, this satisfies the two criteria (i) and (ii). Note
that Ref.[15] experimentally measured this quantity. The
crucial difference from the shot noise induced by bias
voltage lies in the prefactor in Eq. (10), whose value is an
indication that electrons can flow from both electrodes.
Ref. [19] shows the expansion for the fractional quantum
Hall system that contains the interaction effects. Such
expansion is possible for a relatively high temperature
regime where the temperature difference is smaller than
the average temperature.
The second regime, ∆T/T¯ ∼ O(1), is relevant to our
setup where we set TL = ∆T and TR = 0 and consider
the current noise in the Kondo regime. This case is rel-
evant to the transport in the extreme low temperature
regime. In this case, one needs to use another quantity
as subtracted current noise. As one of simple definition,
we here employ the following quantity
S`(TL, TR) := S(TL, TR)− 1
2
(S(TL, TL) + S(TR, TR)).
(11)
This definition is experimentally measurable, hence it
satisfies the criterion (i). In addition, from the exact
expression (Eq. (8)), the quantity S` satisfies the crite-
rion (ii), because it yields the following expression for
noninteracting case:
S`(TL, TR) =
e2
pi
∫
dω T (ω)(1− T (ω))(fL(ω)− fR(ω))2 .
(12)
Obviously, S` satisfies the criterion (ii). Hence, based on
the quantity S`, one can consider the interaction effect
on the delta-T noise comparing the noninteracting limit.
Notably, in the noninteracting transport case, one can
easily check that the quantity S` reproduces the expan-
sion of Sh, Eq. (10), once one takes high temperature
regime limit. Hence, one can expect that the quantity
S` is available in a unified way, regardless of temperature
regime.
In the subsequent sections, we discuss the subtracted
delta-T noise using the expression S` for the parameters
TL = ∆T and TR = 0. As a reference, we also dis-
cuss the shot noise that is a current noise induced by
electrochemical potential bias at zero temperature, i.e.,
µL = −µR = ∆µ/2 and TL = TR = 0.
III. DELTA-T NOISE AND SHOT NOISE IN
THE NONINTERACTING CASE
We first consider the non-interacting case with the
particle-hole symmetry (d = −U/2 and hence d = 0).
The charge current noise is expressed in Eq. (8). For the
present Hamiltonian, the transmission coefficient is given
by
T (ω) = Γ
2/4
(ω − d)2 + Γ2/4 . (13)
For the parameter sets, µL = µR = 0, TL = ∆T , and
TR = 0, the leading contribution of S`(∆T, 0) is calcu-
lated as
S`(∆T, 0) =
2e2
pi
(∆T )3
Γ2
(6ζ(3)− 4ζ(2)) +O((∆T )5).
(14)
For comparison, we also present the shot noise expres-
sion induced by the electrochemical potential bias , by
setting µL = −µR = ∆µ/2 and TL = TR = 0. This
is useful to understand the similarities and differences
between the current noises induced by the temperature
bias and the electrochemical potential bias. For a zero
temperature system, the thermal noise vanishes, and the
charge current noise is described only by the shot noise.
The leading contribution of the noise is evaluated as
Sshot :=
2e2
pi
(∆µ)3
Γ2
1
6
+O((∆µ)5). (15)
A detailed derivation for (14) and (15) are presented in
Appendix A.
4Comparing the charge current noises under the tem-
perature bias (14) and the electrochemical potential bias
(15), we find that the leading order of the bias parameters
both starts from the third order. On the other hand, their
coefficients are different; while a simple fraction appears
in the electrochemical potential bias case, zeta functions
appear in the temperature bias case, which originate from
the Sommerfeld expansion. This indicates that the dif-
ference in the non-interacting case just reflects how the
bias parameters modify the Fermi distribution function;
the electrochemical potential bias shifts the Fermi distri-
bution function, whereas the temperature bias broadens
it.
IV. DELTA-T NOISE IN THE KONDO REGIME
Now, we discuss the charge current noise in the Kondo
regime. To discuss the Kondo problem for the particle-
hole symmetric case (d = −U/2), the local Fermi liquid
theory [20] is a powerful analytical method. The charge
current noise in the Kondo limit (U → ∞) has been
discussed in terms of the phenomenological local Fermi
liquid theory [6–8]. To discuss the crossover from the
noninteracting limit to the Kondo limit, RPT [21–23] is
a suitable method because it connects the results in the
noninteracting regime with those in the Kondo regime in
a microscopic picture.
A. Renormalized perturbation theory
In general, it is difficult to calculate the charge cur-
rent and its noise in the interacting system because we
cannot calculate the one-particle-irreducible (1PI) self-
energy or the four-point full vertex function without any
approximations. However, in the Kondo problem, the
electrochemical potentials and temperatures are assumed
to be sufficiently smaller than the Kondo temperature. In
this case, one can discuss the physics only by considering
the low-energy excitation around the Fermi level, or in
other words, the lower-energy contributions of the 1PI
self-energy and the four-point full vertex function.
RPT is the analytical method that renormalizes the
lower-energy contribution of the 1PI self-energy and the
four-point full vertex function into the parameters, d,
Γ, and U , and reorganizes the perturbation scheme with
the renormalized parameters, ˜d, Γ˜, and U˜ . RPT has
been used to calculate the transport coefficients in the
Kondo regime, such as the charge and magnetic suscep-
tibility [21], charge conductance at low voltage bias [23],
current noise at low-voltage bias [10], etc.
The advantage of RPT is that the results are asymptot-
ically exact at small electrochemical potential and tem-
perature bias. Here, the phrase asymptotically exact
means that one can obtain the exact result with the per-
turbation in finite order as long as one considers trans-
port under small electrochemical potential and tempera-
ture bias. For charge current and noise, the second order
perturbation with respect to U˜ gives exact results up to
the third order of the electro-chemical potential bias [10]
and the temperature bias.
First, we discuss the renormalization of d and Γ by
considering the one particle Green’s functions (GFs).
The advanced (one particle) GF is defined as
GAs (ω) = i
∫
dt eiωtΘ(t)
〈
[ds(t), d
†
s(0)]+
〉
(16)
Here Θ(t) is the Heaviside step function and [·, ·]+ is the
anti-commutator. The advanced Green’s function (GF)
in the interacting system for µL = µR = 0 and TL =
TR = 0 is calculated as
GAs (ω) =
1
ω − d − iΓ/2− ΣAUs(ω)
. (17)
Here, ΣAUs(ω) is the 1PI self-energy for the advanced GF
induced by the Coulomb interaction. This GF can be
renormalized into the quasi-particle GF defined as
G˜As (ω) = z
−1GA(ω) =
1
ω − ˜d − iΓ˜/2− Σ˜As (ω)
. (18)
Here, ˜d and Γ˜ are the renormalized dot-level and
linewidth, respectively, defined as
˜d = z(d + Σ
A
Us(0)), (19)
Γ˜ = zΓ, (20)
where z = [1− ∂ ΣU,s(ω)/∂ω|ω=0]−1 is the wavefunction
renormalization factor. Σ˜As (ω) is the 1PI self-energy in-
duced by the renormalized interaction, defined as
Σ˜A(ω) = z
[
ΣAUs(ω)− ΣAUs(0)− ω
∂
∂ω
ΣAUs(ω)
∣∣∣∣
ω=0
]
.
(21)
Next, we consider the renormalization of U . While
the dot-level and the linewidth are renormalized by the
one-particle dynamics, the Coulomb interaction is renor-
malized by the two-particle dynamics. The renormalized
Coulomb interaction is defined by the lower-energy part
of the four-point full vertex function
U˜ = (−i)z2Γ++++↑↓ (0, 0, 0, 0). (22)
Here Γ++++↑↓ (ω1, ω2, ω3, ω4) is the time-ordered compo-
nent of the four-point full vertex function. The super-
script of the vertex function denotes the Keldysh indices.
Detailed definitions of GF and vetrx function is given in
appendinx B.
In RPT, one considers the perturbation theory with
respect to the renormalized Coulomb interaction U˜ . The
perturbation theory with the renormalized parameters
is expected to be more accurate compared to that with
the original parameters. However, there is a problem
that the Lagrangian with the renormalized parameters,
5L(˜d, Γ˜, U˜), is no longer equivalent to that with the orig-
inal parameters, L(d,Γ, U). This causes inconsistency
between the results obtained by the renormalized param-
eters and those by the original parameters. To maintain
the consistency between the original and the renormal-
ized models, one needs to introduce the counter-term La-
grangian
L(ds, d†s, d,Γ, U)
= L(d˜s, d˜†s, ˜d, Γ˜, U˜) + LCT(λ1, λ2, λ3), (23)
where d˜s = z
− 12 ds is the annihilation operator of the
quasi-particle. The counter-term Lagrangian is com-
posed of three counter-terms:
LCT(λ1, λ2, λ3) =
∑
s
d˜†s(t)(iλ2∂τ − λ1)d˜s(t)
−λ3d˜†↑(τ)d˜↑(τ)d˜†↓(τ)d˜↓(τ). (24)
The counter-terms, λ1, λ2, and λ3, are defined as
λ1 = −zΣAUs(0), (25)
λ2 = z − 1, (26)
λ3 = z
2(U + iΓ++++↑↓ (0, 0, 0, 0)). (27)
These three equations are called normalization condi-
tions. In practical calculations, it is useful to use the
equivalent equations as follows:
lim
µL=µR=0,TL=TR=0
Σ˜As (0) = 0, (28)
lim
µL=µR=0,TL=TR=0
∂
∂ω
Σ˜As (ω)
∣∣∣
ω=0
= 0, (29)
lim
µL=µR=0,TL=TR=0
Γ˜++++s1s2 (0, 0, 0, 0) = iU˜δs1,s¯2 . (30)
At the end of this section, we should give a notice about
the validity of RPT. The renormalized parameters and
the perturbation scheme are defined to reproduce the lo-
cal Fermi liquid theory near the particle-hole symmetric
point. In other words, the RPT results are valid as long
as the local Fermi liquid theory provides reliable results.
In terms of the charge current noise in the Kondo regime,
it is known that the Fermi liquid theory is valid for the
cubic order of the voltage bias [6–8, 10, 13]. For the tem-
perature bias case, the leading contribution is also the
cubic order of the temperature bias. This indicates that,
analogous to the voltage bias case, the leading contribu-
tion in the temperature bias case can be obtained only
by the lower-energy terms ∼ O(ω2, (∆µ)2, (∆T )2) of the
1PI self-energies and the four-point full vertex functions,
which is exactly calculated by the second-order pertur-
bation of RPT [10, 23].
B. Shot noise
First, we review the charge current noise under the
electrochemical potential bias, µL = −µR = ∆µ/2 and
TL = TR = 0. The charge current noise is calculated as
Sshot =
2e2
pi
(∆µ)3
Γ˜2
Cµ +O((∆µ)
4), (31)
where
Cµ =
[
1
6
+
3
2
(R− 1)2
]
. (32)
For a detailed derivation, see Appendix B and C. Here,
R is the Wilson ratio defined as
R = 1 +
2
1 + χc/χs
= 1 +
U˜
piΓ˜
, (33)
where χc and χs are the charge and spin susceptibility,
respectively. This result is consistent with the result in
Ref. [10]. The difference from the noninteracting result
is the (R−1)2 term, which is the Fermi liquid correction.
Taking the Kondo limit (U → ∞), it is known that the
Wilson ratio converges to 2; then one obtains the well-
known value of the Fano factor [6–8, 10, 13],
lim
U→∞
Sshot
Ib
=
5
3
e, (34)
where Ib is the backscattering current calculated as [6–
8, 10]
Ib =
2e
pi
(∆µ)3
Γ˜2
1 + 5(R− 1)2
6
+O((∆µ)4). (35)
C. Delta-T noise
Next, we consider the charge current noise in the
Kondo region under temperature bias, µL = µR = 0,
TL = ∆T , and TR = 0. We consider that the temperature
bias is sufficiently smaller than the Kondo temperature,
∆T  TK . As with the noninteracting system, the ther-
mal noise can not be ignored in the finite-temperature
case; hence, we discuss the noise S`. Similar to the elec-
trochemical potential bias case, charge current noise un-
der temperature bias can be evaluated up to the cubic
order as
S`(∆T, 0) =
2e2
pi
(∆T )3
Γ˜2
CT +O((∆T )
4), (36)
where
CT = (6ζ(3)− 4ζ(2))
+
(
11
2
ζ(3) + (3 ln 2− 4) ζ(2)
)
(R− 1)2. (37)
For a detailed derivation, see Appendix B and C. Figure
2 shows the interaction dependence of CT . In the nonin-
teracting limit (U = 0), it takes the value 6ζ(3)− 4ζ(2).
In the Kondo limit (U → ∞), it increases to the larger
value, (23/2)ζ(3) + (3 ln 2− 8) ζ(2). This is one of our
main results.
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FIG. 2. Interaction dependence of CT . In the noninteracting
limit (U = 0), CT takes a positive value 6ζ(3) − 4ζ(2) ∼
0.63. As the interaction becomes stronger, CT monoton-
ically increases and converges to the value, (23/2)ζ(3) +
(3 ln 2− 8) ζ(2) ∼ 4.08, in the Kondo limit (U  piΓ). (Inset)
Interaction dependence of the Wilson ratio R calculated by
the Bethe Ansatz [27, 28].
Comparing the result in the temperature bias case
(Eqs. (36) and (37)) with that in the electrochemical
potential case (Eqs. (31) and (32)), the interaction de-
pendence is qualitatively the same in both cases; they
appear as a square term of the Wilson ratio, (R − 1)2,
and the coefficients, Cµ and CT , increases as the inter-
action grows. This indicates that Kondo physics acts on
the charge current noise almost in the same manner even
in the temperature bias case.
A difference appears in the coefficients; the coefficient
CT is described by the combination of the Riemann zeta
functions, while the coefficient Cµ is described by simple
fractions. This difference reflects the difference of the
Fermi distribution functions. The charge transmission
and collision process are described by the energy integral
of the Fermi distribution functions. The energy integrals
of the Fermi distribution functions with electrochemical
potential biases bring simple fractions and those with
temperature biases bring the Riemann zeta functions.
V. SUMMARY
We have discussed the charge current noise through a
single-leveled quantum dot in the SU(2) Kondo region
under temperature bias for the particle-hole symmetric
case. The charge current noise is composed of shot noise
and thermal noise, which can not be measured separately
in general. We have discussed the noise S` defined in Eq.
(11) because it is the simplest definition of measurable
noises, which can describe the far-from equilibrium noise
beyond the Johnson-Nyquist noise and corresponds ex-
actly with the shot noise in the noninteracting limit. To
discuss the Kondo effect, we have employed the renor-
malized perturbation theory and derived an analytical
formula of S` under temperature bias by the second-order
perturbation theory with respect to the renormalized in-
teraction U˜ . This result is exact up to the order of (∆T )3
for arbitrary strength of U . This is one of our main re-
sults.
Next, we have compared the charge current noise in
the temperature bias case with that in the electrochemi-
cal potential bias case. The correction of the Kondo effect
appears as a square term of the Wilson ratio (R− 1)2 in
both temperature bias and electrochemical potential bias
cases. This indicates that the Kondo effect plays qualita-
tively the same role in both cases. The difference appears
as the difference of the coefficients of the noises. The elec-
trochemical biased one is described by simple fractions,
while the temperature biased one is described by a com-
bination of the Riemann zeta functions. This difference
originates from the difference of the Fermi distribuiton
functions.
In this paper, we consider only the Kondo effect in
the particle-hole symmetric case. The delta-T noise in
the particle-hole asymmetric case is a problem to be ad-
dressed in the future. The heat current noises in the
Kondo regime in electric systems and spin-boson systems
[29] are also intriguing future subjects.
ACKNOWLEDGMENTS
Authors thanks to the fruitful comments and dis-
cussions by R. Sakano and A. Oguri. M.H. acknowl-
edges financial support provided by the Grant-in-Aid for
JSPS Fellows No. JP19J11360. K.S. was supported
by Grants-in-Aid for Scientific Research (JP16H02211,
JP19H05603, JP19H05791).
Appendix A: Bias parameter expansion of shot noise
To consider ∆µ and ∆T expansion of shot noise in the
noninteracting system, we consider the following integral:
I =
∫
dω F (ω)(fL(ω)− fR(ω))2, (A1)
where F (ω) = (1− T (ω))T (ω).
For the electrochemical potential bias case, the differ-
ence between the Fermi distribution functions becomes a
product of the Heaviside step functions
(fL(ω)− fR(ω))2 = Θ(∆µ/2− ω)Θ(ω −∆µ/2).(A2)
7Thus, the integral is evaluated as
I =
∫ ∆µ
−∆µ/2
dω F (ω)
= F (0)∆µ+
1
24
∂2F (ω)
∂ω2
∣∣∣∣
ω=0
(∆µ)3 +O((∆µ)5).
(A3)
Substituting the equations
F (0) =
∂F (ω)
∂ω
∣∣∣∣
ω=0
= 0,
∂2F (ω)
∂ω2
∣∣∣∣
ω=0
=
8
Γ2
, (A4)
one obtains Eq. (15).
For the temperature bias case, the difference between
the Fermi distribution functions becomes
(fL(ω)− fR(ω))2 = fL(ω) + ∆T ∂fL(ω)
∂ω
−2fL(ω)Θ(−ω) + Θ(−ω).
(A5)
Substituting Eq. (A5) into Eq. (A1) and using the fol-
lowing relations:∫ 0
−∞
dω F (ω)fL(ω)
=
∫ 0
−∞
dω F (ω)− ln 2F (0)∆T + 1
2
ζ(2)
∂F (ω)
∂ω
∣∣∣∣
ω=0
(∆T )2
−3
4
ζ(3)
∂2F (ω)
∂ω2
∣∣∣∣
ω=0
(∆T )3 +O((∆T )4), (A6)∫ ∞
0
dω F (ω)fL(ω)
= ln 2F (0)∆T +
1
2
ζ(2)
∂F (ω)
∂ω
∣∣∣∣
ω=0
(∆T )2
+
3
4
ζ(3)
∂2F (ω)
∂ω2
∣∣∣∣
ω=0
(∆T )3 +O((∆T )4), (A7)
then, the integral is calculated as
I = F (0)(2 ln 2− 1)∆T
+
(
3
2
ζ(3)− ζ(2)
)
∂2F (ω)
∂ω2
∣∣∣∣
ω=0
(∆T )3 +O((∆T )4).
(A8)
Substituting Eq. (A4) into Eq. (A8), one obtains Eq.
(14).
Appendix B: Charge current noise in the Keldysh
formalism
1. Green’s functions
To discuss the Kondo problem, one needs to con-
sider the perturbation theory with respect to U ; hence,
the Keldysh formalism [30] is the most suitable analyt-
ical tool because it can treat the perturbation theory
in a systematic way. In this section, we introduce the
Keldysh Green’s functions (GFs) for the Anderson im-
purity model.
The full GF of the electrons in the quantum dot is
defined as
Gν1ν2s (t1, t2) = (−i)
〈TKds(t1,ν1)d†s(t2,ν2)〉 , (B1)
where TK is the time ordering operator on the Keldysh
time contour. ν1 and ν2 are the Keldysh indices for the
time variables t1 and t2. The Keldysh indices can take
two values + and −. The + index denotes that the time
variable is on the forward path in the Keldysh time con-
tour, and vice versa. Here, the subscript ·ν1 denotes that
the time variable is on the ν1 path. The full GF is cal-
culated by the Dyson equation
Gν1ν2s (t1, t2) = g
ν1ν2
s (t1, t2)
+
∑
ν3,ν4
∫
dt3dt4 g
ν1ν3
s (t1, t3)
×Σν3ν4s (t3, t4)Gν4ν2s (t4, t2),
(B2)
where the summation of the Keldysh indices is defined
as ∑
ν
Aν = A+ −A−. (B3)
Here, gν1ν2s (t1, t2) = G
ν1ν2
s (t1, t2)|γ=U=0 is the un-
perturbed GF and Σν3ν4s (t3, t4) is the one-particle-
irreducible (1PI) self-energy, defined as
Σν1ν2s (t1, t2) = Σ
ν1ν2
Us (t1, t2) + Σ
ν1ν2
+s (t1, t2), (B4)
While Σν1ν2Us (t1, t2) is the 1PI self-energy induced by the
Coulomb interaction, Σν1ν2+s (t1, t2) is that induced by the
dot-reservoir coupling, defined as
Σν1ν2+s (t1, t2) = γ
2
∑
k
(gν1ν2Lks (t1, t2) + g
ν1ν2
Rks (t1, t2)),
(B5)
where gν1ν2rks (t1, t2) is the unperturbed GF of the electrons
in the reservoir r defined as
gν1ν2rks (t1, t2) = (−i)
〈
TKcrks(t1,ν1)c†rks(t2,ν2)
〉
γ=0
.
(B6)
The Dyson equation (Eq. (B2)) is not useful to com-
pute because all the Keldysh components of GFs are in-
tegrated with each other. To avoid this problem, it is
useful to use the advanced and retarded components of
GF defined as
GAs (t1, t2) = G
++
s (t1, t2)−G−+s (t1, t2), (B7)
GRs (t1, t2) = G
++
s (t1, t2)−G+−s (t1, t2). (B8)
8The Dyson equation for the advanced (retarded) GF is
given as
GA(R)s (t1, t2) = g
A(R)
s (t1, t2)
+
∫
dt3dt4 g
A(R)
s (t1, t3)
×ΣA(R)s (t3, t4)GA(R)s (t4, t2).
(B9)
2. Two-particle Green’s functions
For interacting systems, it is necessary to consider
the two-particle collision due to the Coulomb interaction
within the quantum dots, that is described in the two-
particle GF in Keldysh formalism. The two-particle GF
is defined as
Dν1ν2ν3ν4s1s2 (t1, t2, t3, t4)
= (−i)2 〈TKds1(t1,ν1)ds2(t3,ν3)d†s2(t4,ν4)d†s1(t2,ν2)〉
−Gν1ν2s1 (t1, t2)Gν3ν4s2 (t3, t4). (B10)
Analogous to the Dyson equation, the two-particle GF
can be calculated by the four-point full vertex function
Γν5ν6ν7ν8s1s2 (t5, t6, t7, t8) as
Dν1ν2ν3ν4s1s2 (t1, t2, t3, t4)
= −δs1,s2Gν1ν4s1 (t1, t4)Gν3ν2s1 (t3, t2)
+
∑
ν5,··· ,ν8
∫
dt5 · · · dt8
[
Gν1ν5s1 (t1, t5)G
ν6ν2
s1 (t6, t2)
×Gν3ν7s2 (t3, t7)Gν8ν4s2 (t8, t4)
×Γν5ν6ν7ν8s1s2 (t5, t6, t7, t8)
]
,
(B11)
where δs1,s2 is the Kronecker delta.
3. Charge current and noise
The steady charge current from the reservoir r is de-
fined as
〈Ir(t)〉 = −e d
dt
∑
k,s
〈
c†rks(t)crks(t)
〉
= e(−i)
∑
k,s
〈
γd†s(t)crks(t)− γ∗c†rks(t)ds(t)
〉
.
(B12)
For the symmetric dot-reservoir coupling system, one can
define the symmetrized steady charge current as
〈I(t)〉 = 〈IL(t)〉 − 〈IR(t)〉
2
. (B13)
The symmetrized steady charge current can be calculated
for arbitrary U by the Meir-Wingreen formula [31]:
〈I(t)〉 = e
pi
∫
dω T (ω)(fL(ω)− fR(ω)). (B14)
Here, T (ω) is the transmission function for the interact-
ing system, defined as
T (ω) = Γ
2
Im[GAs (ω)], (B15)
where GAs (ω) = G
++
s (ω)−G−+s (ω) is the advanced GF.
Here, we drop the subscript s of the transmission function
because it is spin independent for the no magnetic field
case.
The charge current noise for the symmetric coupling
case is defined as
S =
∫
dt1 〈δI(t1)δI(0)〉 , (B16)
where δI(t) = I(t) − 〈I(t)〉. This quantity is calculated
in the Keldysh formalism as follows:
S =
1
2
∫
dt1 S
+−(t1, 0) + S−+(t1, 0), (B17)
where
Sν1ν2(t1, t2) =
1
4
(Sν1ν2LL (t1, t2) + S
ν1ν2
RR (t1, t2)
−Sν1ν2LR (t1, t2)− Sν1ν2RL (t1, t2)),
(B18)
Sν1ν2r1r2 (t1, t2) = 〈TKδIr1(t1,ν1)δI(t2,ν2)〉 . (B19)
Using Wick’s theorem, Sν1ν2r1r2 (t1, t2) is calculated by the
summation of six diagrams
Sν1ν2r1r2 (t1, t2)
= [(Sν1ν2r1r2,(a)(t1, t2) + S
ν1ν2
r1r2,(b)
(t1, t2))δr1,r2
+Sν1ν2r1r2,(c)(t1, t2) + S
ν1ν2
r1r2,(d)
(t1, t2)
+Sν1ν2r1r2,(e)(t1, t2) + S
ν1ν2
r1r2,(f)
(t1, t2)]. (B20)
The Feynman diagram for each term is shown in Fig. 3.
Summing all the diagram contributions, one obtains Eq.
(B21).
S =
e2
4
∑
s
∫
dω
2pi
i
Γ
2
[G−+s (ω)f+(ω) +G
+−
s (ω)(f+(ω)− 2)]
−e
2
4
∑
s1,s2
∫
dω1dω2
(2pi)2
Γ2
4
f−(ω1)f−(ω2)Ds1s2(ω1, ω2).
(B21)
A detailed derivation of Eq. (B21) is given in Appendix
B. Here f+(ω) and f−(ω) are defined as
f−(ω) = fL(ω)− fR(ω), (B22)
f+(ω) = fL(ω) + fR(ω), (B23)
and Ds1s2(ω1, ω2) is defined as
Ds1s2(ω1, ω2) = D
+−+−
s1s2 (ω1, ω2)−D+−−+s1s2 (ω1, ω2)
−D−++−s1s2 (ω1, ω2) +D−+−+s1s2 (ω1, ω2),
(B24)
9FIG. 3. Feynman diagram representing
Sν1ν2r1r2,(a)(t1, t2), · · · , S
ν1ν2
r1r2,(f)
(t1, t2). The solid line de-
notes the full GF, Gs, and the broken line denotes the 1PI
self-energy, Σrs. The rectangle denotes the two-particle GF,
Ds1s2 . The open dot denotes t1 and the filled dot denotes t2.
where Dν1ν2ν3ν4s1s2 (ω1, ω2) is the special case of the Fourier
component
Dν1ν2ν3ν4s1s2 (ω1, ω2)
=
∫
dt1dt2dt3 D
ν1ν2ν3ν4
s1s2 (t1, t2, t3, 0)e
iω1(t1−t2)eiω2t3 .
(B25)
Appendix C: Derivation of noise in RPT
In this appendix, we discuss the second-order pertur-
bation of Eq. (B21) with respect to U˜ . Throughout this
appendix, we drop the spin index in the full GFs and
1PI self-energy because they are spin-independent. In
addition, we define the non-interacting GFs as
Gν1ν20 (ω) = G
ν1ν2(ω)|U˜=0 . (C1)
First, we consider the non-vertex part (the former term
in Eq. (B21)):
Snv =
e2
4
∑
s
∫
dω
2pi
i
Γ˜
2
[G−+(ω)f+(ω)
+G+−(ω)(f+(ω)− 2)]
+
e2
4
∑
s
∫
dω
2pi
Γ˜2
4
{[GA(ω)]2 + [GR(ω)]2}f2−(ω)
=
e2
2pi
Γ˜2
4
∫
dω GR(ω)GA(ω)
[
2fL(ω)(1− fL(ω))
+2fR(ω)(1− fR(ω)) + f2−(ω)
]
+
1
2
e2
2pi
∫
dω i
Γ˜
2
GR(ω)GA(ω)
[
Σ˜−+(ω)f+(ω)
+Σ˜+−(ω)(f+(ω)− 2)
]
+
1
2
e2
2pi
Γ˜2
4
∫
dω {[GA(ω)]2 + [GR(ω)]2}f2−(ω).
(C2)
For the electrochemical potential bias case, each term is
evaluated up to (∆µ)3 as
e2
2pi
Γ˜2
4
∫
dω GR(ω)GA(ω)f2−(ω)
=
e2
2pi
Γ˜2
4
[{
GR0 (0)G
A
0 (0) + 2Re
[
GR0 (0)[G
A
0 (0)]
2Σ˜A(0)
]}
∆µ
+
1
24
{
∂2
∂ω2
[GR0 (ω)G
A
0 (ω)]
∣∣∣∣
ω=0
+2Re
[
GR0 (ω)[G
A
0 (ω)]
2 ∂
2Σ˜A(ω)
∂ω2
]
ω=0
}
(∆µ)3
]
+O((∆µ)4), (C3)
e2
2pi
Γ˜2
4
∫
dω {[GA(ω)]2 + [GR(ω)]2}f2−(ω)
=
e2
2pi
Γ˜2
4
[{
2Re
[
[GA0 (0)]
2 + 2[GA0 (0)]
3Σ˜A(0)
]}
∆µ
+
1
24
2Re
[
6[GA0 (ω)]
4 + 2[GA0 (ω)]
3 ∂
2Σ˜A(ω)
∂ω2
]
ω=0
(∆µ)3
]
+O((∆µ)4), (C4)
1
2
e2
2pi
∫
dω i
Γ˜
2
GR(ω)GA(ω)[Σ˜−+(ω)f+(ω) + Σ˜+−(ω)(f+(ω)− 2)]
=
e2
2pi
U˜2
(2pi)2
∫
dωdω1dω2
[
A˜(ω1)A˜(ω2)A˜(ω)A˜(ω − ω1 + ω2)
×f+(ω1)f+(−ω2)f+(ω)f+(−ω + ω1 − ω2)
]
, (C5)
where A˜(ω) is the spectrum function with the renormal-
ized parameters defined as
A˜(ω) =
Γ˜/2
(ω − ˜d)2 + Γ˜2/4
. (C6)
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The 1PI self-energy is calculated exactly up to the
ω2,(∆µ)2, and (∆T )2 order within the second-order per-
turbation for the particle-hole symmetric case [32]:
Σ˜A(ω) = i
U˜2
(2pi)2
8
Γ˜2
[
2ω2 +
3
2
(∆µ)2 + 6ζ(2)(∆T )2
]
+O(ω3, (∆µ)3, (∆T )3). (C7)
Substituting Eq. (C7) into Eqs. (C3) and (C4) and using
the following equation
∫
dxdydz F (x, y, z)fr1(x)fr2(−y)fr3(z)fr4(−x+ y − z)
=
1
6
F (0, 0, 0)|µr1 − µr2 + µr2 − µr4 |3 +O((∆µ)4), (C8)
one obtains the non-vertex part as
Snv,∆µ =
e2
2pi
4
Γ˜2
(∆µ)3
[
1
6
+
1
2
(R− 1)2
]
. (C9)
For the temperature bias case, the non-vertex part is cal-
culated in the same way:
e2
2pi
Γ˜2
4
∫
dω GR(ω)GA(ω)f2−(ω)
=
e2
2pi
Γ˜2
4
{
(2 ln 2− 1)Re
[
GR0 (0)G
A
0 (0)
+2GR0 (0)[G
A
0 (0)]
2Σ˜A(0)
]
∆T
+
(
3
2
ζ(3)− ζ(2)
)
Re
[
∂2
∂ω2
[GR0 (ω)G
A
0 (ω)]
+2GR0 (ω)[G
A
0 (ω)]
2 ∂
2Σ˜A(ω)
∂ω2
]
ω=0
(∆T )3
}
+O((∆T )4), (C10)
e2
2pi
Γ˜2
4
∫
dω {[GA(ω)]2 + [GR(ω)]2}f2−(ω)
=
e2
2pi
Γ˜2
4
{
2(2 ln 2− 1)Re
[
[GA0 (0)]
2 + 2[GA0 (0)]
3Σ˜A(0)
]
∆T
+2
(
3
2
ζ(3)− ζ(2)
)
Re
[
6[GA0 (ω)]
4
+2[GA0 (ω)]
3 ∂
2Σ˜A(ω)
∂ω2
]
ω=0
(∆T )3
}
+O((∆T )4), (C11)
2
e2
2pi
Γ˜2
4
∫
dω GR(ω)GA(ω)fL(ω)(1− fL(ω))
= 2
e2
2pi
Γ˜2
4
{
Re
[
GR0 (0)G
A
0 (0) + 2G
R
0 (0)[G
A
0 (0)]
2Σ˜A(0)
]
∆T
+ζ(2)Re
[
∂2
∂ω2
[GR0 (ω)G
A
0 (ω)]
+2GR0 (ω)[G
A
0 (ω)]
2 ∂
2Σ˜A(ω)
∂ω2
]
ω=0
(∆T )3
}
+O((∆T )4). (C12)
Substituting Eq. (C7) into Eqs. (C10 - C12) and using
the following equation:∫
dxdydz F (x, y, z)fr1(x)fr2(−y)fr3(z)fr4(−x+ y − z)
=
(
(2 + 6 ln 2)pi2
3
+ 18ζ(3)
)
F (0, 0, 0)(∆T )3 +O((∆T )4),
(C13)
the non-vertex part for the temperature bias case is cal-
culated as
Snv,∆T =
e2
pi
∆T +
e2
2pi
4
Γ˜2
(∆T )3
[
(6ζ(3)− 8ζ(2))
+
(
9
2
ζ(3) + (3 ln 2− 9)ζ(2)
)
(R− 1)2
]
+O((∆T )4). (C14)
Next, we consider the vertex part (the latter term in
Eq. (B21)):
Sv = −e
2
4
∑
s1,s2
∫
dω1dω2
(2pi)2
Γ˜2
4
f−(ω1)f−(ω2)Ds1s2(ω1, ω2)
= − e
2
(2pi)2
∫
dω1dω2
{
Γ2
4
f−(ω1)f−(ω2)
×Re
[
[GR(ω)]2[GR(ω2)]
2Γ˜a(ω1, ω2)
−[GR(ω1)]2[GA(ω2)]2Γ˜b(ω1, ω2)
+2
(
G−−(ω2)G++(ω2)− [G+−(ω2)]2
)
×[GR(ω1)]2Γ˜c(ω1, ω2)
]}
, (C15)
where Γ˜a(ω1, ω2), Γ˜a(ω1, ω2), and Γ˜a(ω1, ω2) are the spe-
cific component of the four-point full vertex defined as
Γ˜a(ω1, ω2) =
1
2
∑
s1,s2
∑
ν1,ν2
Γ˜+ν1+ν2s1,s2 (ω1, ω2), (C16)
Γ˜b(ω1, ω2) =
1
2
∑
s1,s2
∑
ν1,ν2
Γ˜+ν1ν2−s1,s2 (ω1, ω2), (C17)
Γ˜c(ω1, ω2) =
1
2
∑
s1,s2
∑
ν1,ν2,ν3
Γ˜+ν1ν2ν3s1,s2 (ω1, ω2). (C18)
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The four-point full vertex function is calculated exactly
up to the ω1, ω2, ∆µ, and ∆T order within the second-
order perturbation for the particle-hole symmetric case:
Γ˜a(ω1, ω2)
= iU˜ − U˜
2
2pi
4
Γ˜2
[2(−ω1 + 3ω2) + ∆µ+ (1 + 2 ln 2)∆T ]
−2 U˜
2
2pi
∫
dω G+−0 (ω)G
−+
0 (ω − ω1 + ω2)
+O(ω21 , ω
2
2 , (∆T )
2, (∆µ)2), (C19)
Γ˜b(ω1, ω2)
=
U˜2
2pi
4
Γ˜2
[∆µ+ (1 + 2 ln 2)∆T ]
− U˜
2
2pi
∫
dω G+−0 (ω)G
+−
0 (ω1 + ω2 − ω)
+O(ω21 , ω
2
2 , (∆T )
2, (∆µ)2),(C20)
Γ˜c(ω1, ω2) = iU˜ − U˜
2
2pi
4
Γ˜2
2(−ω1 + 3ω2)
+O(ω21 , ω
2
2 , (∆T )
2, (∆µ)2).(C21)
Substituting Eqs. (C19-C21) into Eq. (C15) and using
the following equations for the integrals of the Fermi dis-
tribution functions:∫
dxdydz F (x, y, z)f−(x)f−(y)f+(z)(f+(z − x+ y)− 2)
= F (0, 0, 0)
4
3
(∆µ)3 +O((∆µ)4), (C22)
∫
dxdydz F (x, y, z)f−(x)f−(y)f+(z)f+(x+ y − z)
= F (0, 0, 0)
4
3
(∆µ)3 +O((∆µ)4), (C23)
∫
dxdydz F (x, y, z)f−(x)f−(y)f+(z)(f+(z − x+ y)− 2)
= F (0, 0, 0)
(
4ζ(3)− 2pi
2
3
)
(∆T )3 +O((∆T )4), (C24)
∫
dxdydz F (x, y, z)f−(x)f−(y)f+(z)f+(x+ y − z)
= F (0, 0, 0)
(
4ζ(3)− 2pi
2
3
)
(∆T )3 +O((∆T )4),(C25)
one obtains the vertex part in the electochemical poten-
tial bias case as
Sv,∆µ =
e2
2pi
4
Γ˜2
(∆µ)3(R− 1)2 +O((∆µ)4), (C26)
and that in the temperature bias case as
Sv,∆T =
e2
2pi
4
Γ˜2
(∆T )3(R− 1)2 (ζ(3)− 3ζ(2))
+O((∆T )4). (C27)
As a result, the total noise in the electochemical po-
tential bias case is calculated as
S = Sv,∆µ + Snv,∆µ
=
2e2
pi
(∆µ)3
Γ˜2
[
1
6
+
3
2
(R− 1)2
]
+O((∆µ)4),
(C28)
and that in the temperature bias case as
S = Sv,∆T + Snv,,∆T
=
e2
pi
∆T +
2e2
pi
(∆T )3
Γ˜2
[
(6ζ(3)− 8ζ(2))
+
(
(3 ln 2− 12) ζ(2) + 11
2
ζ(3)
)
(R− 1)2
]
+O((∆T )4). (C29)
To obtain the noise S`, it is necessary to subtract the
equilibrium noise, which is calculated in the case, TL =
TR = ∆T . The equilibrium noise can be calculated by
Eq. (C12) as
S(∆T,∆T ) =
4e2
pi
∆T − 4e
2
pi2
(∆T )3
Γ˜2
[
4ζ(2) + 8ζ(2)(R− 1)2]
+O((∆T )4). (C30)
Subtracting the equilibrium noise (Eq. (C30)) from the
total noise (Eq. (C29)), one obtains Eq. (-37).
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